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1. Ideal QRFs and how to go beyond them

EalQRFs

· quantum system carrying the I
regular representation Urg of

the symmetry group G
· Hilbert space L2(6

, dg)
· equivariant map g +o Ig) EL"(6) with

perfectly distinguishable thogonal
frame orientation states

<g(g = G(g ,g)
-> allows for quantum-controlled symmetry group transformations

for G = R(+) (one-dim translation group) and three systems A
,
B

,
C

with IAEHc = LI) and B carrying a unitary rep of G

and URS acting on A and <

(A)- (c)
= eit [Giacomini et al 2019]

- i/t y po↓ SaxaxXx(Qu(-x)B with U(y)p= e

R

or for general (locally compact symmetry groups [deSattamette , Galley 2020)

g() - ()
= Jag IgXg), UIT i

↳ works for 31gh/geG
forming an ONB of

Ha = 2
c

= (4)6)



What if we loosen the assumption that the frame orientation
states are orthogonal ?

Theorem from 2 de la Hamette & Galley 2020]

The QRF transformations of the perspectival approach for
general/ locally compact) symmetry groups are unitary-

Ifand only if the unitary rep. carried by the systems

are the left and right regular reps . On states in the

Hilbert space (2 (6).

This means : QRF changes are unitary only if both frames are

ideal frames where G ad regularly on itself
-

and SH(g)get are perfectly distinguishable.

Proof ' Consider A
,
B

,
C with A and B acting as frames. Consider

a left unitary representation U(k)(g)= lugh .

Take two states relative to A:

I = KhalgigIga)
142 = 12) /hlg 1923

as well as the linear superposition

1* = < (++ + B1+Y = (e(a(x(g)p + B(hip) /gat

Let us now change to the perspective of B:

+pluhalgha= lelp Iha Igahir

The QRF changeOperator
(A) +P)

is unitaryIf it preserves
all inver products .

Let's consider the overlaps

(4942 = x + B(g.n]



and <$1033 = x + B(b-
192

= a +

pg hig
= a + p(xgi v (h+]2

"E"Assuming (g.
Ih = <gihir

#gilhil=hi

# <g. /U(g)
+

Unlg)ha=MrChit MrChir) / girl

E selgirn = Felgirnal" with SUn(g)(4)
= Igh)

Up(g)(h) = 1hg)

-> only holds when girl, orthogonal to e

s mitary => <gh) = Olga) Fight 6

"E"
<gh) = (guh) FghEG =g , lg Xg); Uigt unitary

D

Conclusion : If we want to construct unitary frame changes between
-

non-ideal frames
,

we cannotrightforwardly do so in the

perspectival framework (i
. e. on the kinematical level).

↳
one way of allowing for unitary frame changes between

non-ideal frames is to first remove the garge-induced
redundancy /Cf . perspective - neutral approach (

2
.

Non-ideal QRFs in the perspective-neutral approach

Reference : [de la Hamette
, Galley ,

Hohn
, Loveridge ,

Miller
,
2110 . 13824]

· Quantum system carrying a (strongly continuous unitary representation 4 of

the symmetry group C

· Different frame orientations are assigned overlapping, non-orthogonal coherent

States : <glg1) +(g, g)



2
.
1

. Complete QRFs with coherent state systems

Consider a reference system R and a system of interest s ,

carrying a unitary tensor product representation of a

lunimodular) Lie symmetry group G
, acting on RS as

g ++ Urs(g) = Ur(g)Um(g)

We can define globally invariant states (physical states

Iphys) = Ums(g) 14 phys EAlphys physical Hilbert space

Physical states can be written as :

Honys) = 0 (those states vanishing under the constraint)

or it phys := Iphys Intmal =JorgMasig) Iron/
coherent G-twiring/
coherent group averaging

-> physical states by construction
highly entangled states

We assume the existence of a coherent state system (i . e. system of

generalised coherent States/ Gilmore-Perdomov Coherent States) (CSS)

& Up , 1g]r] such that G acts transitively on the CSS :

reference frame

Choose a normalised seed state let
,

withe unit

element of G
,

and set 1g) := U(g) les

Then generate Igg) = Ulg)Igr

Importantly,
we must choose let in such a way that

we obtain a

resolution of the identity
: /dg IgXglr = c . He

for compact gaps
: CLO

,
c= de : diment (

of frame HS

-> allows for the treatment of non-ideal frames

Zdlt
,

Ludescher
,
Miller 2021)



The CSS defines a covariant POVM with elements Ey := dg 1gXgl, o

CY : Bod set on the group) .

· normalised : Eg = Ar

· covariant : En
. y

= Un Ey 1Th

Now
,

we can write physical states as :

14onysL = Sdg' (gp(4, (g)

Post-measurement state if we measure "orientation"
g
of R :

Schrodinger
conditional/ reduction map

relational InSys(g)=(g) Hprysl = (gir * 1g) Monys
state

-> generalised Page-Wootters reduction of states

r
normalise states if possible

·
in fact

,
for compact G and dr19 ,

(g) := <g(1s J
The conditional/relational states satisfy covariance property :

Us(g) /Ng (g)) = (g(1s) Us(g) Iphys
= (g(1) (Hg) 1s) Honys
-

= Igglaphys
= Eg (gig) 14phys

=I h (gig))

TheSchrodinger reduction maps are invertible
,
with inverse

G (g) : = #phys (1g(m@1s) = Sag' Igig) * Us(g)
Themma 8

,
[2))



->change/
quantum coordinate change

Quantum coordinate change :

Vrier
; (gi , 9j) := G (g)) · G (g :

)

Vitr
; (gi · 9;) It (gi)) = 14

For itj ,
Vriem

; (gi , 9) = Sag IggingUs
(Theorem 4

, [23)

roof : Vrier
; (gi , 9) = (gir; is) F(Igir:* Arjs)

= Jag Ur, (g) Ure(g) * Us(g)

D



Relational Dirac observables

Es arbitrary system observable in As : = 1(1ts)

IgXgIp@fg &Akin : non-invariant description of system property Is conditional

on R being in orientation g
-> G

Applying the G-twirl : Fas , a (g)
: = G(1gXgim ots)

~ #phys (lgXglmfs)

=Jag' Ig'gXg'g)
* Us(g) f-us(g))

+

= Sdg' IgXg'lr * Us(gig) E
, Us(gig)

+

Sinariantencodingofsystem pperyEs conditiona

↳ covariant POVM construction

Example : translation
group

G = (IR,+) ,
Hum = Le()2"CI)

N

gr, s : position operators of R and S

relational observable encoding position ofI conditioned on R being
in Orientation (position) y :

F ,
m(y) = Jax(xXx(ei(x

-y)y seti(x
-y)

= Sax(XX(r * (s + x -y)
,

= - R +y



The relational observables define an algebra homomorphism from

Aghys <As of system observables to physical observable

algebra APLYS of Dirac observables on Aphys.

Consider #Says (g) : = (gro1s) Tphys (IgLrAd
= Jag' <gigigrUs(g)
= kelr H(g) As) Iphys (Ur(g) lerM)
= Us(g) PhyS(e)U5(g)

-> ephys := &(g) &P(g) E Aphys for arbitrary Est AsS
,S

Quantum coordinate changes

Writtj (gi , gi) : AP ApyRis ,gj

Writtj (gi , gi) (fig) =Vitri (gi , gi) fig Vitri (gi , gi



2
.

2. Equivalence of perspectival and PN approaches for ideal ARFs

For L4(6) wh regular representation ,
with g. = g;

= e

let Ih(e)) = Vitr(e,e) (ei
Tremember :

Vriem
; (gi , 9) = Sag IggiTigjul

-> Vrier,
(e

,
e) = JdgpgXgva; Us(g)

= Gagg-Xglr; Usig -1)

-dusion : The perspectival and the perspective-neutral approaches are

equivalent for ideal QRFs
,

i

. e. (2(6) frames with

orthogonal frame orientation states.

The frame change maps are not applied to the same set of states in

the two approaches:

-> in the perspectival approach ,
the transformations are applied

to the Kinematical states of the form letp/CRJsi

I called alignable states with Hos EArj@ Is

-> in the perspective - neutral approach the transformations are applied
to states lPhy in the physical system Hilbert space Iphys

RjS RjSig
generally a strict subspace of Ar; Its

- Ar; Is =1 VgEG only for ideal reference frames
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3
.

Classification of non-ideal frames (non-exhaustive
~ action of G on-

6 by left
·Complete QRFs with coherent state systems ↑ multiplication

* G acts regularly on the CSS (regular action
, not to be confused

with regular representation

regular action = free and transitive action

where free action :

g
. X = X for some XEX implies ge

transitive action : EX
,yEXJgEG st g

. X =Y

* "Complete" because the frame orientation states can be used to

completely parametrise the G orbits in Hilbert space or the observable

algebra

- trivial stabiliser subgroup
· Incomplete QRFs : non-trivial stabiliser group

QRF with non-trivial stabiliser subgroup

H = [gt6 S .
t

. (gXg) = leXel]

· overcomplete QRFS

↳ frames whose orientation states

G acts on freey but not
transitively

· QRFS based on quantum groups Let tratedinPNP9)



24. Example for non-ideal (complete QRFs : the group So
[work with Stefan Ludescher and MarkusMiller]

Su has 6 elements &e
,

d
,
d

, Sn
,

S2
,
557 and is the smallest non-Abelian

group up to isomorphisms

Cayleytablea

3 Conjugacy classes [e] = Sel
,
[d] = (d

,

d2)
,

[s] = Ssn
. Sa

,
so]

↳ 3 irreducible representations :

· the trivial representation 1 (1d)
· the sign representation Itz (d)
· the standard representation #z (2d)

Coherent state system

Our Hibbert space of interest is H =" (notice that dim (2) = 3 < 6 = 1Sy)
for one system and

H = /KON for N systems.

We consider the (initary) representation of So on K3 where So is represented
as permutations of the three basic rectors [103

,
113

,
1227.

Write Ulg) = Ug for every g) Sy.

In contrast to working with Hilbert space ((So), it is not possible to find

a set of rectors (lgh]ges, St. <glg = Eggi .

It is ,

however
, possible to find a set of rectors Sigh) gess Sit.

· Igh = Ulg)(e) (i)

· Ig) # Ig for g +gl (2)

·s gXgl = k - 1 (k) (3)

Write the seed state let in the basis (10)
,

111
,
121) as

(e) = < 10) + p(1) + =(2) .

(d) = <(1) + B(z + y(0)
() = (d) = x(2) + B 10) + y(1)

(S1) = x(0 + p(2) + y(1)I(S) = x(2) + B(1) + j(0)
(Sy = x(1) + p(0) + j 12)



(2) = 4 + B
,

C + y , p + y

Write IgL =< (a) + B1b) + y (c) where a
,

b
,cE(i):

,
atb

,
btc, a = 1

() = 112 + 1pk + yk=S
<Bt + a

+

B + a+j + xyz + pj
*

+ pi = 0

Example of a valid choice : (e) = (10)+ 11 (+0 .12) ( - k = 2)

The physical Hilbert space

A phys = (10) EHN(U(g)* 10) = 10) XgESs]

Note that
every 10) defines a subspace Hp = Span (10) on which 28t acts trivially

-> have to find the decompostion of Ug into irraps,

and then we can associate

the copies of theial representation withphys

=1 : (1) =(10(+ 11 + 12)

Its
,

Fl= (10) + e+1 + e

= (2)

Ug = 1 Is
standard representation1

/
trivial representation

4 for N = 1
, Aphys = span(1123 = span (F(101+ 11 + 121)

Lemma : For N systems,

Ug= 1 T(g)3V-

+(g)

Proof by induction. (Hint : prove that TTmz =Its

#y =1

rollary : dim (Iphys) =A



Concrete example
2 Appendix D, Capollaro,

Akil
,

dieslinshi
,
AldeH

,
Brukner

,
PRL 2025]

Consider N = 3
,
denote the systems by A

,
D

,
C

, Hun = (3)
*

-> dim Iphys = 5

Consider the following Kinematical state :

ItKin CAB
= 10)@ f (iloLa + 11) a - 12(a) + (2)B

14phys(CAD= Ucal
S

Choosing the valid seed state les= (10)+ :(1)
,

the

corresponding Schrodinger reduction map is

G (e) = p= (d) - :(1)1a

reduced/conditional states :

] satisfycovariate


